In our previous work [Angelopoulos, Y., Aretakis, S. and Gajic, D. Latetime asymptotics for the wave equation on spherically symmetric stationary backgrounds. Advances in Mathematics 323 (2018), 529-621.] we showed that the coefficient in the precise leading-order late-time asymptotics for solutions to the wave equation with smooth, compactly supported initial data on Schwarzschild backgrounds is proportional to the time-inverted Newman-Penrose constant (TINP), that is the Newman-Penrose constant of the associated time integral. The time integral (and hence the TINP constant) is canonically defined in the domain of dependence of any Cauchy hypersurface along which the stationary Killing field is non-vanishing. As a result, an explicit expression of the late-time polynomial tails was obtained in terms of initial data on Cauchy hypersurfaces intersecting the future event horizon to the future of the bifurcation sphere.
Introduction

Introduction and background
Late-time asymptotics for solutions to the wave equation
(1.1) on globally hyperbolic Lorentzian manifolds (M, g) have important applications in the study of problems that arise in general relativity such as 1) the black hole stability problem, 2) the dynamics of black hole interiors and strong cosmic censorship and 3) the propagation of gravitational waves. The existence of late-time polynomial tails for solutions to the wave equation with smooth, compactly supported initial data on curved spacetimes 1 was first heuristically obtained by Price [66] in 1972. Specifically, the work in [66] suggests that on Schwarzschild spacetimes (M M , g M ), with M > 0, such solutions ψ have the following asymptotic behavior in time as τ → ∞:
ψ| r=r 0 (τ, r = r 0 , θ, ϕ) ∼ 1 τ 3 along the r = r 0 > 2M hypersurfaces (1.2) away from the event horizon H + = {r = 2M }. Subsequent work by Leaver 2 [55] and Gundlach, Price and Pullin [44] suggested the following additional asymptotics:
ψ| H + (τ, r = 2M, θ, ϕ) ∼ 1 τ 3 along the event horizon H + , (
and rψ| I + (τ, r = ∞, θ, ϕ) ∼ 1 τ 2 along the null infinity I + , (1.4) which would imply that the late-time tails are "radiative". 1 Recall that, in view of Huygens' principle, solutions with compactly supported initial data on the flat Minkowski spacetime R 3+1 identically vanish inside a ball of arbitrary large radius after a sufficiently large time. 2 The work of Leaver moreover relates the existence of power law tails in the late-time asymptotics to the presence of a branch cut in the Laplace transformed Green's function corresponding to the equations satisfied by fixed spherical harmonic modes.
Here τ is an appropriate "time" parameter that is comparable to the t coordinate away from the event horizon and null infinity, the level sets Σ τ of which are spacelike hypersurfaces that cross the event horizon and terminate at future null infinity. There has been a large number of other works in the physics literature elucidating novel aspects of the behaviour of tails of scalar (and electromagnetic and gravitational) fields from a heuristic or numerical point of view; see for example [20, 42, 19, 51, 16, 56, 65, 69] for tails on spherically symmetric spacetime backgrounds. For works on tails in Kerr spacetimes, see [12, 41, 17, 18] and the references therein.
Note that in view of their asymptotic character, (1.2), (1.3) and (1.4) do not provide estimates for the size of solutions for all times. Furthermore, they are restricted to fixed spherical harmonic modes and do not address the decay behavior when summing over all the modes. These issues have been extensively addressed by rigorous mathematical works in the past decay which derived sharp global quantitative bounds for solutions to the wave equation on general black hole spacetimes. See, for instance, [31, 25, 29, 26, 24, 63, 68, 70, 61, 1, 33, 54] and references therein in the asymptotically flat setting and see [47, 35, 34, 49, 50] in the asymptotically de Sitter and anti de Sitter setting. These works have introduced numerous new insights and techniques in the study of the long time behavior of solutions to the wave equation on curved backgrounds. For example, the role of the redshift effect as a stabilizing mechanism was first understood in [27] and difficulties pertaining to null infinity were addressed in [28, 63] . We also refer to [14, 15, 13] for results regarding the existence of an asymptotic expansion in time for solutions to the wave equation on certain asymptotically flat spacetimes. Recent very important developments in the context of stability problems include [48, 24, 53, 62] .
A special case that has recently attracted strong interest is that of extremal black holes for which the asymptotic terms are very different in view of instabilities of derivatives of the scalar fields (see for instance [6, 7, 8, 11, 4, 9, 10, 64, 45, 18, 43] ).
On other hand, the above works do not yield global pointwise lower bounds 3 on the size of solutions to (1.1). Furthermore, global quantitative upper bounds or asymptotic expressions of the type (1.2), (1.3) and (1.4) do not provide the exact leading-order latetime asymptotic terms in terms of explicit expressions of the initial data. In other words, these works do not recover how the coefficients appearing in front of the dominant terms in the asymptotic expansion in time depend precisely on initial data. The derivation of the exact late-time asymptotic terms is very important in studying the behavior of scalar fields in the interior of extremal black hole spacetimes [38, 39, 40] and also in the Schwarzschild black hole interior [36] . Note that lower bounds for the decay rate of scalar fields play an important role when studying the properties of the interiors of dynamical sub-extremal black holes. This was first shown rigorously in [21, 22] ; see also [23, 59, 60, 32, 46, 37, 57, 58] for related results in the interior of sub-extremal black holes.
The above issue was resolved in our recent work [5] where global quantitative estimates were obtained of the form
along the hypersurface {r = r 0 } ∩ J + (Σ 0 ) in Schwarzschild (and a more general class of spherically symmetric, asymptotically flat spacetimes). We denote by J + (Σ 0 ) the future of the Cauchy hypersurface Σ 0 . In particular, the estimate (1.5) holds along the future event horizon H + where r 0 = 2M . Here τ is an appropriate time parameter in J + (Σ 0 ). In [5] we only considered initial hypersurfaces which cross the event horizon to the future of the bifurcation sphere and terminate at null infinity. Estimate (1.5) holds for all solutions ψ to (1.1) which arise from smooth compactly supported initial data 4 on Σ 0 .
Figure 2:
The estimate (1.5) provides the asymptotics limits along the hypersurfaces {r = r 0 }. As a result of the method of [5] , an explicit expression of the coefficient of the leading order term Q Σ 0 ,r 0 [ψ] in (1.5) was derived in terms of the initial data of ψ on Σ 0 . In fact, it was shown that Q Σ 0 ,r 0 [ψ] is independent of r 0 :
Furthermore, it was shown that the radiation field satisfies
along future null infinity I + ∩ J + (Σ 0 ). This work rigorously showed that the precise fall-off the scalar fields depends on the profile of the initial data and hence is not a universal property of scalar fields due to the background backscattering.
In fact, in a recent paper [3] , we were able to obtain the second-order term in the asymptotic expansion of the radiation field along future null infinity which arises as a logarithmic correction to (1.6) and show that the corresponding coefficient is proportional to the ADM mass M and again to Q Σ 0 [ψ]. For spherically symmetric initial data, we moreover provided in [3] the precise dependence on initial data of the full asymptotic expansion of ψ and its radiation field rψ| I + . Both [5, 3] used purely physical space techniques, instead of Fourier analytic methods, and described the origin of the polynomial tails on black hole backgrounds in terms of physical space quantities.
The estimates (1.5) and (1.6) provided the first rigorous confirmation of the asymptotic statements (1.2), (1.3) and (1.4). In particular, they provided the first global pointwise lower bounds on the scalar fields and their radiation fields. Since those bounds are determined in terms of the quantity Q Σ 0 [ψ] of the initial data, we obtained as an immediate application a characterization of all smooth, compactly supported initial data which produce solutions to (1.1) which decay in time exactly like 1 τ 3 to leading order. It is clear, therefore, that is of great importance, to single out the exact expressions of the initial data which provide the dominant terms in the evolution of the scalar fields.
As was mentioned above, the results in [5] hold for initial Cauchy hypersurfaces which emanate from a section of the future event horizon which lies strictly in the future of the bifurcation sphere (see Figure 3 ). This restriction was necessary so that in the region under consideration J + (Σ 0 ) the stationary Killing vector field T = ∂ t is non-vanishing.
In this paper, we obtain the coefficient of the leading-order late-time asymptotic terms for solutions with smooth compactly supported initial data on Cauchy hypersurfaces which pass through the bifurcation sphere. For Schwarzschild backgrounds, an example of such a hypersurface is given by {t = 0}. As we shall see, there are various qualitative differences in this case compared to the case studied in [5] . Before we present our method and the new results, we provide a brief review of the time integral construction which played a crucial role in [5] and allowed us to derive the coefficient Q Σ 0 [ψ] in the asymptotic expansion in terms of the initial data on Σ 0 in the case where Σ 0 does not pass through the bifurcation sphere.
The time integral construction and the TINP constant
The time integral construction of [5] concerns the spherical mean
Indeed, it was shown in [2] that the projection
decays at least like τ −3.5+ (with arbitrarily small > 0) and hence does not contribute to the leading order terms in the late-time asymptotics 5 . Given a smooth solution ψ to (1.1), we want to find a smooth solution ψ (1) 
in the future J + (Σ 0 ) of a Cauchy hypersurface Σ which intersects the event horizon strictly to the future of the bifurcation sphere. It is important to restrict to such hypersurfaces since we have . On the other hand, the stationary Killing field T = 0 on the bifurcation sphere on Schwarzschild spacetimes 6 and hence, if Σ 0 intersected the bifurcation sphere then we would not be able to invert the operator T without imposing additional conditions on ψ 0 .
Nonetheless, there is another obstruction to inverting T . This obstruction originates from the far-away region and specifically from the existence of a conservation law along null infinity. Consider the standard outgoing Eddington-Finkelstein coordinates (u, r, ω) (with ω ∈ S 2 ) and the function I 0 [ψ](u) on the null infinity I + given by 7
It turns out that ψ solves (1.1) then the function I 0 [ψ](u) is constant, that is independent of u. This yields a conservation law along I + . The associated constant
is called the Newman-Penrose constant of ψ.
5 A similar result holds for the radiation field of the projection ψ1. 6 More generally, the Killing vector field T corresponding to stationarity also vanishes on the bifurcation sphere of all sub-extremal Reissner-Nordström spacetimes. 7 The derivative ∂r is taken with respect to the (u, r, ω) coordinate system. Figure 6 : The Newman-Penrose constant on future null infinity. The Newman-Penrose constant (and its conservation law along I + ) is an obstruction to the invertibility of T . 8 Indeed, if the Newman-Penrose constant of ψ is well defined (that is the limit of the conformal derivative r 2 ∂ r (rψ) is bounded on Σ 0 ) then
Hence, a solution ψ to the wave equation (1.1) is not in the range of the operator T unless its Newman-Penrose constant vanishes! This obstruction is present for all asymptotically flat spacetimes.
If we consider smooth initial data for ψ on Σ 0 with vanishing Newman-Penrose constant
and in fact such that lim
then by Proposition 9.1 of [5] there is a unique smooth spherically symmetric 9 solution
of the wave equation (1.1) that decays along the Cauchy hypersurface Σ 0 :
is called the time integral of the sperical mean ψ 0 of ψ. The Newman-Penrose constant I 0 [ψ (1) ] of ψ (1) is well-defined and can be explicitly computed in terms of the initial data of ψ on Σ 0 . In particular, if Σ 0 is outgoing null for all r ≥ R, for some large R > 0, then we have the following formula ( [5] ):
where
and ∂ ρ is the radial derivative tangential to Σ 0 that is taken with respect to the induced coordinate system (ρ, ω) in Σ 0 , and finally h Σ 0 is defined by the equation
Note that if the initial data for ψ is compactly supported in {r ≤ R} then (1.11) reduces to
We refer to the constant I 0 [ψ (1) ] as the time-inverted Newman-Penrose (TINP) constant of ψ and we denote it by I
(1)
. It is shown in [5] that the coefficient Q Σ 0 [ψ] in the asymptotic estimates (1.5) and (1.6) is given by
Hence, we obtain the following estimates:
(1.14)
(1.15)
Overview of the main results
The aim of the present paper is to derive the asymptotic behavior for solutions to the wave equation (1.1) with smooth, compactly supported initial data 10 on Cauchy hypersurfaces which pass through the bifurcation sphere. For simplicity, we will consider in this section smooth, compactly supported initial data on the Cauchy hypersurface {t = 0}. 11 Clearly, for such initial data the estimates (1.14) and (1.15) hold. Indeed, solving locally the wave equation (1.1) from {t = 0} to a Cauchy hypersurface Σ 0 in the future of {t = 0}, which moreover does not intersect the bifurcation sphere, gives rise to smooth initial data on Σ 0 with vanishing Newman-Penrose constant. 12 In fact, as was shown in [5] , the condition (1.10) holds for the induced data on Σ 0 . Hence, the time integral construction can be applied in the region J + (Σ 0 ) which allows us to obtain the estimates (1.14) and (1.15), where I
0 [ψ] is given by (1.11) in terms of the induced data on Σ 0 . Note that in this case, the estimates (1.14) and (1.15) in principle provide only upper bounds since we a priori have no control on the constant Q Σ 0 [ψ] in terms of the initial data on {t = 0}. Indeed, in order for (1.14) and (1.15) to yield lower bounds we must prove that initial data on {t = 0} are consistent with I
However, such a condition cannot be a priori confirmed for initial data on {t = 0}. A simple backwards construction can be used to show the existence of smooth compactly supported initial data on {t = 0} for which the condition (1.16) holds. Hence, it immediately follows that for generic smooth compactly supported initial data on {t = 0} the condition (1.16) holds. However, the following issue remains unresolved:
• Find all initial data on {t = 0} which satisfy (1.16).
In fact, we would like to address the following more general issue:
• Obtain an explicit expression of the coefficient Q Σ 0 [ψ] in terms of the initial data on {t = 0}.
It is only after we have resolved these issues above that we can for example provide a complete characterization of all initial data on {t = 0} which produce solutions to (1.1) which satisfy Price's inverse polynomial law τ −3 as a lower bound. Clearly, in view of the vanishing of T on the bifurcation sphere, the time integral construction of Section 1.2 breaks down in the region J + ({t = 0}) and hence cannot be used to express the coefficient Q Σ 0 [ψ] as a time-inverted Newman-Penrose constant. Similarly, we cannot simply evaluate the right hand side of (1.11) on {t = 0}. One legitimate approach would be to consider a sequence of Cauchy hypersurfaces Σ i such that 1. for all i, Σ i intersects the event horizon to the future of the bifurcation sphere, 2. as i → ∞ the hypersurfaces Σ i ∩ {r ≤ R} tend to the hypersurface {t = 0}.
Then clearly, for each (finite) i ≥ 0, we can express Q Σ i [ψ] via the induced data on Σ i . We then simply have to examine if the limit lim i→∞ Q Σ i [ψ] is well-defined and subsequently compute it. Although the above procedure is possible, we pursue in this paper a different 10 More generally, we consider initial data decaying sufficiently fast as r → ∞. 11 Here t is the standard Schwarzschild time coordinate. 12 Note that the induced data on Σ0 will not be compactly supported unless Σ0 is contained in the domain of dependence of the region {r ≥ R} ∩ {t = 0} where the solution is zero. Nonetheless, in view of the conservation law discussed in Section 1.2, the Newman-Penrose constant for the induced data on Σ0 is necessarily zero. approach which yields much more general results about the domain of validity, the regularity and the explicit expression via geometric currents of the time-inverted Newman-Penrose constants.
The main new observation is that for any Cauchy hypersurface which intersects the event horizon to the future of the bifurcation sphere, the constant Q Σ 0 [ψ] 13 is given by an appropriate modification of the gradient flux on Σ 0 :
where n Σ 0 is the normal to Σ 0 and the integral is taken with respect to the induced volume form. Note that the above gradient flux is generically infinite, however, the following modified flux
is indeed finite for all hypersurfaces Σ 0 (see Lemma 3.1), where ∂ v is the standard outgoing null derivative. If we define 18) then the main new result of this paper is the following identity for the TINP constant of ψ [ψ] to all Cauchy hypersurfaces regardless of the vanishing of T . For example, for smooth, compactly supported initial data on the hypersurface {t = 0} we have 20) where S BF denotes the bifurcation sphere {t = 0} ∩ {r = 2M }.
Note that the second integral on the right hand side is finite since T = ∂ t vanishes at {t = 0} ∩ {r = 2m} and in fact satisfies
where n {t=0} is the unit normal to {t = 0}. Hence, (1.20) allows us to explicitly compute the coefficient in the asymptotic estimates (1.14) and (1.15) in terms of the initial data on {t = 0}. 14 (1)
where I 14 It is important to remark that had we simply evaluated the expression for I In this case, the constant I
Hence, generic time-symmetric initial data have the same fall-off as the general data. The fall-off improves by one power if and only if the spherical mean of ψ on the bifurcation sphere vanishes. This provides a complete description of the asymptotic behavior of time-symmetric initial data and hence confirms and extends the numerical work of [51] , the heuristic work of [67] and partially the rigorous work [33] where the authors consider initial data supported away from the bifurcation sphere.
3. Evolution/Fall-off of initially vanishing data: Such data satisfy
In this case I
Hence generic such initial data have the same fall-off as the general data. 1. Σ 0 which does not intersect the bifurcation sphere (and hence intersects the event horizon to the future of the bifurcation sphere) 2. {t = 0} which passes through the bifurcation sphere.
For a Cauchy hypersurface Σ (of either type above) we consider the following function spaces:
: g ψ = 0 with c.s. and s.s. initial data on Σ ,
where "c.s=compactly supported" and "s.s.=spherically symmetric" 15 and I 0 [ψ] denotes the Newman-Penrose constant of ψ at null infinity. Clearly, the Newman-Penrose constant of solutions in the space H I 0 =0 (Σ) vanishes. According to the results in [5] for the hypersurface Σ 0 intersecting I + :
Furthermore, we have the following invertibility properties for the operator T in J + (Σ 0 ):
Furthermore, ψ(τ, r 0 , ·) decays at least as fast as τ −3 and ψ (1) (τ, r 0 , ·) decays at least as fast as τ −2 . On the other hand, we have
The above characterizes all solutions ψ which decay exactly like τ −3 . The following characterizes all solutions which decay at least one power faster, that is at least as fast as τ −4 :
The T -invertibility statements (1.23), (1.24) and (1.25) are not valid for the hypersurface {t = 0} 16 .
• Statement (1.23) is clearly not true for the hypersurface {t = 0} since for ψ ∈ H I 0 =0 ({t = 0}) we generically have ψ| S BF = 0 whereas T = 0 at the bifurcation sphere. Figure 11 : T −invertibility in J + (Σ 0 ) and T −non-invertibility in J + ({t = 0}). 15 Recall from Section 1.2 that the spherical mean dominates the asymptotic fall-off behavior. 16 The T -invertibility properties had already been studied by Wald [71] and Kay-Wald [52] in the context of obtaining uniform boundedness for solutions to the wave equation.
• Statement (1.24) is not true for {t = 0} since all ψ ∈ H 3 ({t = 0}) satisfy, in view of
and hence, they generically satisfy ψ| S BF = 0, whereas T = 0 at the bifurcation sphere. Figure 12 : T −invertibility in J + (Σ 0 ) and T −non-invertibility in J + ({t = 0}).
• Statement (1.25) is not true for {t = 0} since all ψ ∈ H ≥4 ({t = 0}) satisfy, in view of (1.20),
and hence, they generically still satisfy ψ| S BF = 0, whereas T = 0 at the bifurcation sphere. In short, we conclude that smooth solutions to (1.1) in J + (t = 0) that decay strictly faster than τ −3 generically
1. do not arise from time-symmetric initial data on {t = 0}, and 2. do not arise as the T derivative of regular solutions to the wave equation (1.1) in J + ({t = 0}).
Relation to scattering theory
An additional convenience of the fact that we can "read off" the late-time asymptotics from the initial data on {t = 0} is that we can evolve such data both in the future and in past and hence obtain a correlation between (ψ| H − , rψ| I − ) ("the past scattering data"), the induced ψ and rψ on the past event horizon H − and the past null infinity I − , respectively, and (ψ| H + , rψ| I + ) ("the future scattering data"), the induced ψ and rψ on the future event horizon H + and the future null infinity I + , respectively. Indeed, one can interpret (ψ| H − , rψ| I − ) as initial data, which when evolved to the future and restricted to H + and I + gives (ψ| H + , rψ| I + ), and vice versa when evolving to the past. The map associating uniquely a tuple (ψ| H + , rψ| I + ) to (ψ| H − , rψ| I − ) (in suitable energy spaces) is called the scattering map. We refer to [32, 30] and the references therein for additional related work on the scattering map on black hole backgrounds and the correlations between the radiation field induced on I + and H + . For convenience let us denote by
the TINP constants of ψ on the future and past null infinity I + , I − , respectively. 17 If we restrict to smooth compactly supported initial data ψ| {t=0} , ∂ t ψ {t=0} on {t = 0} then, in view of (1.20) , the coefficient of the leading-order future-asymptotic term 18 along both H + and I + is given by
Hence, asymptotically along I + as τ → ∞
Similarly, in view of the time symmetry of the Schwarzschild metric, we obtain that the coefficient of the leading-order past-asymptotic term along both H − and I − is given by
Then, asymptotically along I − as τ → ∞
Hence, we obtain
17 So far we have only considered the future region and hence I (1)
Hence, for this special class of solutions to the wave equation arising from past scattering data (ψ| H − , rψ| I − ) such that ψ| t=0 and n t=0 ψ| t=0 are smooth and compactly supported, the (leading order) asymptotic behavior of (ψ| H + , rψ| I + ) is determined by 1. the (leading order) asymptotic behavior of the past scattering data (ψ| H − , rψ| I − ), and 2. the spherical mean of ψ on the bifurcation sphere S BF = H + ∩ H − .
We can moreover go beyond the leading order asymptotics and obtain a direct integral relation between the full scattering data sets (ψ| H + , rψ| I + ) and (ψ| H − , rψ| I − ).
First, we note that we can express the coefficients I Indeed, for ψ arising from smooth, compactly supported data {t = 0}, we have that
See also Section 1.6 of [5] . 19 By combining (1.26) with (1.27) and (1.28), we obtain the following relation between (ψ| H − , rψ| I − ) and (ψ| H + , rψ| I + ) (with ψ arising from smooth, compactly supported data {t = 0}):
The main theorems
We consider spherically symmetric black hole spacetimes (M, g) as defined in Section 2 including in particular the Schwarzschild and the more general sub-extremal ReissnerNordström family of black hole spacetimes. In particular, the coordinates u, v, r, t are as defined in Section 2.
The Newman-Penrose constant and the time-inverted Newman-Penrose (TINP) constant are defined in Section 1.2.
Consider a Cauchy hypersurface Σ that crosses the (future or past) event horizon H + and terminates at (future or past) null infinity I + . We define the truncated quantity:
The following theorem derives a geometric interpretation of the TINP constant on hyperboloidal slices to the future of the bifurcation sphere in terms of an appropriately modified gradient flux. 
where G(Σ ≤r 0 )[ψ] is given by (1.29) and the integrals are taken with respect to the induced volume forms.
Theorem 1.1 is proved in Section 3.
The original definition of the TINP constant breaks down for Cauchy hypersurfaces emanating from the bifurcation sphere since the time-integral construction is singular for smooth initial data with non-trivial support on the bifurcation sphere. The next theorem derives a generalized conservation law for the modified gradient fluxes which allows us to extend the validity of the TINP constant to more general Cauchy hypersurfaces.
Theorem 1.2. (Conservation law for the TINP constant)
Consider two arbitrary hypersurfaces Σ i , i = 1, 2 which cross the (future or past) event horizon 20 and terminate at future null infinity.
Let ψ be a solution to the wave equation (1.1) with vanishing Newman-Penrose constant
Then, lim
where G is given by (1.29) . In other words, the expression lim r 0 →∞ G(Σ ≤r 0 )[ψ] is independent of the choice of hypersurface Σ.
Theorem 1.2 is proved in Section 4.
The final theorem obtains an explicit expression for the TINP constant in terms of the initial data on the {t = 0} hypersurface (which emanates from the bifurcation sphere). 
Theorem 1.3 is proved in Section 5.
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The geometric setting
We consider stationary, spherically symmetric and asymptotically flat spacetimes (M, g) as in Section 2.1 of [5] . These include in particular the Schwarzschild family and the larger sub-extremal Reissner-Nordström family of black holes as special cases. In this section we briefly recall the geometric assumptions on the spacetime metrics and introduce the notation that we use in this paper. The manifold M is (partially) covered by appropriate double null coordinates (u, v, θ, ϕ) with respect to which the metric takes the form
with D(r) a smooth function such that The boundary hypersurface {r = r min } ∩ {v < ∞} ∩ {u = ∞} is called the future event horizon and is denoted by H + whereas the boundary hypersurface {r = r min } ∩ {u < ∞} ∩ {v = −∞} is called the past event horizon and is denoted by H − . The future event horizon and the past event horizon intersect at the bifurcation sphere S BF .
The null hypersurfaces C u 0 = {u = u 0 } terminate in the future (as r, v → +∞) at future null infinity I + . Note also that u is a "time" parameter along future null infinity I + such that u increases towards the future. Similarly, the null hypersurfaces C v 0 = {v = v 0 } terminate in the future (as u → −∞) at past null infinity I − . Note also that v is a "time" parameter along the past null infinity I − such that v increases towards the future. 21 We use here the standard big O notation to indicate terms that can be uniformly bounded by r −2−β , and moreover, their k-th derivatives, with k ≤ 3, can be uniformly bounded by r −2−β−k .
Furthermore, by an appropriate normalization (see, for instance, [5] ) we can assume that
where the function r * = r * (r) is given by
Here R > 0 is a sufficiently large but fixed constant. For such coordinates, we define the time function t as follows:
We also define the (stationary) vector field
Note that T = ∂ t with respect to the (t, r, θ, ϕ) coordinate system. Finally, we will consider hypersurfaces Σ which terminate at future null infinity. We consider the induced coordinate system (ρ, θ, ϕ) on Σ, where ρ = r| Σ 0 and we define the function h Σ on Σ such that the tangent vector field ∂ ρ to Σ satisfies the equation
where h Σ is a positive function on Σ, such that 0 ≤ 2 − h Σ (r)D(r) = O(r −1− ), for some (arbitrarily small) > 0. It will be convenient to employ also the following alternative form of ∂ ρ :
. Note that we can analogously define hyperboloidal hypersurfaces terminating at past null infinity. For more details regarding hypersurfaces and foliations, see Section 2.2 in [5] .
3 The TINP constant as a modified gradient flux Let Σ be a Cauchy hypersurface which terminates at null infinity. Then the flux of the gradient vector field ∇ψ through Σ is generically infinite: First note that generically the following limits are infinite:
where n Σ denotes the normal to Σ. 22 Furthermore, clearly we have
where we denote dω = sin θdθdϕ.
The following lemma shows that a combination of the above unbounded quantities is in fact bounded. 22 This follows from the fact that ψ arising from smooth and compactly supported data will generically satisfy limv→∞ v 3 ∂v(rψ) = 0 for suitably large u; see [5] .
Lemma 3.1. Consider a Cauchy hypersurface Σ that crosses the future event horizon H + and terminates at future null infinity I + . We denote by n Σ the normal vector field to Σ. Let ψ be a solution to the wave equation (1.1) with vanishing Newman-Penrose constant
Then the following limit
exists and is finite (where the integrals are taken with respect to the induced volume forms).
Proof. If Σ = N (equipped with the induced coordinate system (v, ω)) is outgoing null then we let n N := ∂ v , dg N := r 2 dvdω and we obtain
For a general spherically symmetric hyperboloidal hypersurface Σ, equipped with the induced coordinate system (v, ω), we have
where f : Σ → R is defined in Section 2 and satisfies
Proof of Theorem 1.1. We will show the theorem in the case where the hypersurface Σ is of spacelike-null type (see [5] ). The computation is identical for general hypersurfaces crossing H + and intersecting I + . For the spacelike-null case, according to the computation in [5] , we have
where φ = rψ and ∂ r = 2 D ∂ v . We will show (1.30). Consider first the spacelike piece Σ R = Σ ∩ {r ≤ R}. We equip Σ R with the coordinate system (ρ, ω), where ρ = r| Σ R . Recall that the radial tangential vector field ∂ ρ is given by
The unit future-directed normal vector field n Σ R is given by
Hence,
Consider now r 0 > R. Then
and
By adding them up we obtain
Σ∩{r=R} ψr 2 dω, and so
Σ∩{r=R} ψr 2 dω.
If we denote
then, since D = 0 on the horizon, we obtain
Taking the limit of the above equation as r 0 → +∞ yields the desired result.
Conservation law for the modified gradient fluxes
We show next that the expressions given by the right hand side of (1.30) are indeed conserved without invoking the time-inversion construction. Hence, we obtain a purely geometric interpretation of the time-inverted constants and their conservation law.
Proposition 4.1. (Conservation law for the TINP constant) Consider two arbitrary hypersurfaces Σ i , i = 1, 2 which cross the event horizon and terminate at future null infinity.
Then,
where G is given by (1.29) . In other words, the expression lim r 0 →∞ G(Σ ≤r 0 )[ψ] is independent of the hypersurface Σ.
Proof. We assume that Σ 2 lies in the causal future of Σ 1 . Let v ∞ > 0 and large and consider the region R v∞ bounded by the hypersurfaces H + , Σ 1 , Σ 2 , {v = v ∞ }. We apply Stokes' theorem for the gradient vector field
in the region R v∞ : Hence,
In [5] we defined the TINP constant for all (compactly supported) smooth initial data on a hypersurface crossing the event horizon to the future of the bifurcate sphere; see also Section 1.2. As illustrated in Section 1.2, this definition breaks down for Cauchy hypersurfaces emanating from the bifurcation sphere since the time-integral construction is singular for smooth initial data with non-trivial support on the bifurcate sphere.
The following proposition, an immediate corollary of the divergence identity, establishes a generalized conservation law and hence allows us to extend the definition of the TINP constant with respect to initial data on hypersurfaces which go through the bifurcate sphere. 23 Proposition 4.2. Let Σ BF be a Cauchy hypersuface which emanates from the bifurcate sphere S BF and terminates at null infinity. Let Σ 0 be a a Cauchy hypersuface which crosses the event horizon and terminates at null infinity. We assume Σ BF ∩ {r ≥ R} = Σ 0 ∩ {r ≥ R} for some large R > 0. Then,
(4.12)
Proof. Let B denote the region bounded by Σ BF ∩ {r ≤ R}, Σ 0 ∩ {r ≤ R}, H + . Let V be a regular (spherically symmetric) null vector field normal to the future event horizon such that V BF = 0.
Let also x denote the unique smooth function on H + such that V (x) = 1, x BF = 0. (4.14)
The desired result follows from (1.1), (4.13) and (4.14).
The TINP constant on {t = 0}
We now have all the tools to prove Theorem 1.3.
Proof of Theorem 1.3. We use Theorem 1.1 to express the TINP constant I Hence, for initial data on {t = 0} supported in {r ≤ R} the third term on the right vanishes. The proof of Theorem 1.3 follows from the identity (1.21).
